A detailed independent derivation of the hydrogen weakly nonideal plasma equation of state (EOS) is presented. In our computations relativistic corrections, degeneracy of electrons, radiation pressure in the plasma, Coulomb interaction in the Debye-Hückel approximation together with diffraction and exchange corrections and the contribution of bound and scattering states (SS) are taken into account. In contrast to the Planck-Larkin partition function, a correct separate account of bound and SS allows a natural generalization for the broadening of atomic states.
Introduction
Helioseismology reveals a unique possibility of checking within an accuracy of better than 10 −4 the equation of state (EOS) of weakly nonideal plasmas due to the inversion of local sound velocity from optical observations [1] . The comparison of different theoretical models with experiment permits checking the existing ways to account for the bound and scattering states (SS) contributions, which are presented in the physical literature for the second virial coefficient (SVC) [2] [3] [4] .
The contribution of the bound states is usually described by the Planck-Larkin (P-L) partition function [5, 6] . An expression different from the P-L formula was published in [7] and was later confirmed in [8] [9] [10] . This partition function contains the pure contribution of the bound states in contrast to the P-L one which includes some terms due to the continuum spectrum.
The Baym-Kadanoff formalism permits generalizing the bound states contribution in a natural way to account for the broadening effects. In our work this generalization is presented together with the preliminary results in the calculation of thermodynamic properties of weakly nonideal hydrogen plasma for atomic states broadening.
Thermodynamic perturbation theory
According to [10] we can calculate plasma pressure P , using corrections to the pressure P 0 of ideal gas that consists of electrons and protons:
where we include the corrections discussed below: P H is the Hartree correction, P exch is due to the electron-electron exchange interaction, P D-H is the plasma Coulomb interaction in the Debye-Hückel approximation and δP is a higher order correction, which takes into account the contribution from ladder diagrams. We shall consider protons as non-degenerate particles; their ideal gas activity ζ p is connected in grand canonical ensemble with their chemical potential µ p and temperature
is the thermal de Broglie wavelength for protons. The pressure of an ideal gas of protons is
Electrons may be degenerate (e.g. at the centre of the Sun a parameter n eλ 3 e ≈ 0.6), so we shall express their activity ζ e [11] via ideal gas concentration n 0 e , for the general case of degenerate particles, taking into account the relativistic correction:
Here x = ε/T , y = µ e /T . For electron gas pressure we have
In this approximation the electroneutrality condition is written in the form
The Hartree correction has the following presentation [6, 11, 12] for the Helmholtz thermodynamic potential = −P V (V is the system volume)
HereṼ (0) is the Fourier transform of the Coulomb potential at zero transferred momentum. Using the regularization of the integral by means of e − r , → 0 being an infinitesimal parameter, we shall obtain (r = (r 1 , r 2 , r 3 ), |r| = r, dr = dr 1 dr 2 dr 3 )
This method of regularization of the Fourier component of the Coulomb potential gives zero result for expression (7), due to neutrality condition (6) . For the general case of multicomponent plasma, neutrality condition (6) has the form (z k is a particle of k-kind charge in units of electron charge e) ζ e = k z k ζ k (9) and (7) is generalized in an obvious way
In the next Hartree-Fock approximation we obtain the wellknown convergent result [11, 13, 14] for the electron-electron exchange interaction (see below). Next-order terms in the interaction potential called ring diagrams [15] correspond to the Debye-Hückel contribution (see, for example, [5, 6, 12, [16] [17] [18] [19] 
Here D is the inverse Debye radius [19] (the sum over m includes ions and electrons): 
We must recall that the physical concentrations are usually connected with chemical potentials by relation [11] :
For physical concentrations the standard electrical neutrality condition takes place:
Since condition (9) is necessary for cancelling the divergence of the Hartree term (10), when parameter tends to zero, we shall use the following method to adjust (9) and (14). We determine the physical concentrations from condition (13) , taking into account bounds, which follow from (9), when calculating derivatives of thermodynamic potential over chemical potentials. Let us find the value of n e from (14) and ζ e from (9):
In expression (15) all derivations and summations are performed over ionic activities only, and ζ e in potential is expressed using (9) . For the non-degenerate case we can obtain in the first approximation over theλ parameter [17] the so-called diffraction corrections to the Debye-Hückel term:
the reduced mass.
Ladder approximation for SVC calculation
Let us consider the contribution δP in (1) . From the Matsubara technique (see [10] and references therein) for δ /V = −δP we have
Here the subscript 'L' stands for 'ladder', the integration over parameter λ corresponds to charge integration e 2 → e 2 λ, the summation is performed over particle kinds i and energieshω (orhp 4 )-for fermionshω = πT (2n + 1),hp is the particle momentum and G i (hp,hω) is Green's function of a particle in the Matsubara technique. The self-energy operator i (hp,hω) can be expressed via a two-particle vertex part ij , obtained in the ladder approximation [14] :
For example, for electron-proton interaction
is the 4-vector for electrons and k = (hk,hk 4 )-correspondingly for protons. The quantity ij (q, q ; P) may be written in the following form:
where q, q are relative motion momenta before and after scattering, P = p + k = (hP,hP 4 ) is the 4-vector for total momentum and µ = µ ep is the reduced mass. From (17) and (18) we obtain δ in the form, using the electrical neutrality condition in terms of activities (6)
In (20) for the 'e-p' interaction it is necessary to sum over the discrete spectrum (bound states) as well as to integrate over SS, described by index k. For 'e-e' and 'p-p' interactions only the last action is not unreasonable.
Contribution to the SVC from SS
To calculate the contribution of continuum states to expressions such as (20) one needs to evaluate Fourier components of the wave functions that describe the mutual scattering of charged particles. Taking into account subtraction in the factor (e −βEk − e −βεq ) in formula (20) , we can transform expression (20) for the continual spectrum (of SS) to (e.g. for the 'e-p' interactionξ ep 
The 3D numerical integration results in the following asymptotics as → 0 (a = e, p): δ
where δ (2) aa is a part of a ladder with two steps, already included in the Debye-Hückel approximation, α a = (m a e 4 )/(h 2 T ) and C is the Euler constant, C = 0.5772 . . .:
An expression for BS SRM is adduced in the following section (44), and
In [6] in expressions that are similar to (22) and (23) the second item inside brackets contains an excess term with ln 3 in parentheses (1 − C − 2 ln 3) as a mistake.
Note that this result is also confirmed by a detailed comparison with numerical integration.
Summation of expressions such as (23) for 'p-p', 'e-e' and 'e-p' interactions taking into account that ζ e = ζ p will result in an expression independent of for a classical part of the SVC:
For the exchange contribution δ exch ee we obtain a convergent expression:
For E(α ee ) one can get an explicit expression (α ee = −α e /2):
Expression (26) is just the same as in [6] for exchange contribution and is confirmed by numerical integration.
Contribution to the SVC from bound states
The bound states contribution may be written in the form
Note that expressions such as (20) are obtained using the Keldysh technique [10] :
From (28) we can obtain for the general form of the bound states contribution (we use parametrization on charge λ: e 2 → e 2 λ)
where q is the wave vector of the relative motion of the particles, q = |q| and a n (ω) is the profile of the atomic state n, broadened by plasma ions and electrons [20] .
To obtain the contribution of bound states to the SVC as in [9] we use the exact Fock [21] result for the wave functions of non-relativistic hydrogen atoms in momentum representation
Here p n = (a 0 n) −1 ; a 0 =h 2 /(µe 2 λ) is the Bohr 'radius' for current charge e 2 λ. Taking into account that
and using dimensionless variables
where
finally we obtain
The integral over x in (34) may be calculated explicitly:
wherẽ
and both branches represent one and the same analytic expression. If broadening is not taken into account thenã n (y) = δ(y) and the integral over y in (34) is
Analytic integration over x results in
After integration in (39) (see [10] ),
Asymptotically for u → 0 (n 1 or for large T ) from (41) it follows that
This is four times more than the similar expression shown in the P-L expression
Finally, the partition function of non-broadened bound states may be written in the form
Here ζ (n) is the Riemann ζ -function. The corresponding P-L formula looks as follows:
Atomic states broadening by electronic collisions in an ion field
For an atomic state with the principal quantum number n (n 2) the following formula is used for collisional broadening ( [20] , section 22):
Zm e e (n 2 − n 2 ),
Here H(x) is the Holtsmark function (see below), E is the ion field, E 0 is its characteristic value, B n is the effective Stark constant for the state, n = 1, N = N A ρ, γ en is the effective constant of broadening by electronic collisions, v is the average velocity, ρ 0 is the Weisskopf radius and
D is the Debye radius. The lowest state (n = 1) may be considered as non-broadened:
We use the Weisskopf radius as defined in [20] (equation (22.33), p 298):
Taking into account the parametrization e 2 → e 2 λ, we use
The Holtsmark function used in (46) is defined as
The integral in (46) is calculated by a separate analytic integration of the polynomial approximations of the Holtsmark function on finite intervals or of the semi-integer power approximations for large x. In some cases a direct GaussKronrod quadrature with adaptive grid refinement was used instead of the analytic expressions with arctg and ln functions. Special care was taken to avoid a loss in accuracy.
For the partition function represented in form (34) for the case of non-broadening
The ratio of the broadened term to the non-broadened one,
, decreases with n for low and moderate principal quantum numbers, then grows linearly, and the broadened partition function seems to be divergent. Nevertheless, estimates and calculations show that asymptotically
which guarantees convergence of the partition function with account of broadening. In fact, the partition function BS must be limited to the first n l states with the dimensionless ionization potential u n = α 2 /n 2 being greater than a similar characteristic energy B = βhB n E 0 . In the calculations we used a smooth limitation of the number of states by a state weight factor w n :
Note that more correct ways of treating the microfield distribution function exist (see, for example, the adjustable parameter exponential (APEX) approximation [22] ). For our application-the solar interior-the Holtsmark distribution is enough, since the nonideality parameter D = D e 2 /T 1. 
Application to the solar interior
In the physical picture we consider the total contribution of the expressions (3), (5), (11), (16), (22)- (25), (27) to describe the EOS of hydrogen weakly nonideal plasmas in application to helioseismological problems. The bound states contribution (27) is calculated with (44) for the non-broadened states or (34) to account for broadening. To the plasma EOS (value of pressure P (ρ, T ) and other thermodynamic functions) a contribution of equilibrium thermal radiation in plasma should be added [10] .
A chemical picture includes terms (3), (5), (11) , (27) with (45) and also the contribution of radiation.
We calculated the hydrogen weakly nonideal plasmas EOS that is characterized by the dependence of the total pressure P (ρ, T ) on T 'the solar trajectory' (the function ρ = ρ(T ) in the S-model [1] for the interior of the Sun).
Two main parameters used in helioseismological problems are the adiabatic exponent and the sound velocity. They are calculated as follows:
In figure 1 the adiabatic exponent along the solar trajectory with the non-broadened bound states is plotted for the chemical picture with the P-L partition function and with BS =
BS SRM
together with the data obtained in the S-model calculations [1] .
In figure 2 variants of partition functions are presented. According to (34), (54), (55) the following notations are used:
In figure 3 the relative differences (c S /c S,ph − 1) for the sound velocity c S with respect to the sound velocity in the physical picture c S,ph with BS = BS SRM for the variants of partition functions are presented. 
Conclusion
The new expressions for the bound states contribution to the EOS of weakly nonideal plasmas are presented. The broadening of atomic states by electron collisions and Stark microfields are taken into account. In our opinion the account of broadening effects (see (29) and [9] ) is more promising for the spectral lines description as well as for the weakly nonideal dense plasma thermodynamics.
The account of broadening effects for the bound states can be considered as an influence of pressure ionization with increasing plasma density.
In principle this approach combines the problems of the radiational gas dynamics and the collisional-radiative kinetics, where 'atoms' are represented in a different way for the calculation of pressure and radiation [9] .
